Abstract. For a prime p ≥ 2 and a number field K with p-class group of type (p, p) it is shown that the class, coclass, and further invariants of the metabelian Galois group G = Gal(F 2 p (K)|K) of the second Hilbert p-class field F 2 p (K) of K are determined by the p-class numbers of the unramified cyclic extensions N i |K, 1 ≤ i ≤ p + 1, of relative degree p. In the case of a quadratic field K = Q( √ D) and an odd prime p ≥ 3, the invariants of G are derived from the p-class numbers of the non-Galois subfields L i |Q of absolute degree p of the dihedral fields N i . As an application, the structure of the automorphism group G = Gal(F 2 3 (K)|K) of the second Hilbert 3-class field F 2 3 (K) is analysed for all quadratic fields K with discriminant −10 6 < D < 10 7 and 3-class group of type (3, 3) by computing their principalisation types. The distribution of these metabelian 3-groups G on the coclass graphs G(3, r), 1 ≤ r ≤ 6, in the sense of Eick and Leedham-Green is investigated.
Introduction
For an algebraic number field K and a prime p ≥ 2 we denote by Cl p (K) the p-class group of K, that is the Sylow p-subgroup Syl p Cl(K) of its ideal class group. In this paper we shall be concerned with number fields having an elementary abelian bicyclic p-class group of type (p, p). We define the p-class field tower of K, K < F (K) for n ≥ 1, where each successor is the Hilbert p-class field of its predecessor, that is the maximal abelian unramified extension with a power of p as relative degree. The nth Hilbert p-class field F n p (K) of K is an unramified Galois extension of K for each n ≥ 1 (cfr. Hasse [16, p.164 , §27]). It is non-abelian for n ≥ 2, except in the degenerate case F 2 p (K) = F 1 p (K) of a single-stage tower. According to the reciprocity law of Artin [1, 2] , the Galois group of the first Hilbert p-class field of K, Gal(F 1 p (K)|K) ≃ Cl p (K), is isomorphic to the p-class group of K (cfr. Miyake [30] ). Therefore the automorphism group G = Gal(F n p (K)|K) of the n-stage tower is called the nth p-class group of K. Since F After the definition of three fundamental isomorphism invariants s, e, k of metabelian p-groups in section 2, we prove in section 3 that the class, coclass, and further invariants of the second pclass group G of K determine the p-class numbers h p (N i ) of the p + 1 unramified cyclic extensions N i of K of relative degree p, because the p-class group Cl p (N i ) is isomorphic to the commutator factor group of the maximal normal subgroup M i = Gal(F 2 p (K)|N i ) of G, for each 1 ≤ i ≤ p + 1, by Artin's reciprocity law. The investigation is separated into two parts. In subsection 3.1 we treat the metabelian p-groups G of coclass cc(G) = 1, for which generators and relations have been given for an arbitrary prime p ≥ 2 by Blackburn [7] and more generally by Miech [29] . Subsection 3.2 deals with metabelian 3-groups G of coclass cc(G) ≥ 2 with abelianisation G/γ 2 (G) of type (3, 3) , whose presentations are due to Nebelung [32] .
In section 4 we use the theory of dihedral field extensions, in particular some well-known class number relations by Scholz and Moser [38, 31] , to show that in the case of a quadratic base field K = Q( √ D) and an odd prime p ≥ 3 the invariants of the second p-class group G determine the p-class numbers h p (N i ) of the dihedral fields N i and the p-class numbers h p (L i ) of the non-Galois subfields L i of absolute degree p of the N i . In contrast to [25] , where we have solved the multiplicity problem for discriminants of dihedral fields which are ramified with conductor f > 1 over their quadratic subfield, we are now concerned exclusively with unramified extensions having f = 1. For a real quadratic base field K, the cohomology H 0 (Gal(N i |K), U (N i )) of the unit groups U (N i ) with respect to the cyclic Galois groups Gal(N i |K) must be considered to distinguish between partial and total principalisation of K in the N i .
In the sections 5, 7, and 8 we develop new algorithmic methods to compute, conversely, the class cl(G), coclass cc(G), and the invariants s, e, k of the second p-class group G from the p-class numbers h p (L i ) or h p (N i ), for p = 3, p ≥ 5, and p = 2.
With the aid of these new methods we have determined the structure of the second 3-class group Gal(F 2 3 (K)|K) of the 4 596 quadratic number fields K with discriminant −10 6 < D < 10 7 and 3-class group of type (3, 3) from the 3-class numbers of the absolute cubic fields L i and the principalisation types [27, 3.3] of K in the relative cubic fields N i . The results of these extensive computations, which reveal sound statistical insight for the first time, are presented in section 6. The distribution of the occurring metabelian 3-groups on the coclass graphs G(3, r) with 1 ≤ r ≤ 6 in the sense of Eick, Leedham-Green, et al. [11, 10, 12] is investigated here and in the related paper [28] . In section 9 we present examples of second 2-class groups Gal(F 2 2 (K)|K) of increasing order, corresponding to excited states of three principalisation types, for complex quadratic fields K with 2-class group of type (2, 2) , extending the results for the ground states by H. Kisilevsky [21] .
The invariants s, e, k of metabelian p-groups
To be able to express the main theorems concerning the p-class numbers of the unramified cyclic extensions N i of relative degree p of a base field K with p-class group of type (p, p), we have to recall some fundamental concepts with respect to the metabelian second p-class group G of K.
Since the commutator factor group G/γ 2 (G) of G is of type (p, p), the subgroup G p of G generated by the pth powers is contained in the commutator group γ 2 (G), which therefore coincides with the Frattini subgroup Φ(G) = ∩ p+1 i=1 M i = G p γ 2 (G) = γ 2 (G). According to the basis theorem of Burnside [6, p.29, Th.1.12] , the group G = x, y can thus be generated by two elements.
Like any finite p-group, G is nilpotent. If we declare the lower central series of G recursively by γ 1 (G) = G and γ j (G) = [γ j−1 (G), G] for j ≥ 2, then we have Kaloujnine's commutator relations [γ j (G), γ ℓ (G)] ≤ γ j+ℓ (G) for j, ℓ ≥ 1 [7, p.47 G is of maximal class or a CF-group (cyclic factors), if and only if G has the order |G| = p n with the index of nilpotence n = m as exponent, that is, if all factors γ j (G)/γ j+1 (G) with 2 ≤ j ≤ m−1 are cyclic of order p. In this case, G is of coclass cc(G) = n − cl(G) = n − m + 1 = 1.
The centralisers χ j (G) = {g ∈ G | [g, u] ∈ γ j+2 (G) for all u ∈ γ j (G)}, 2 ≤ j ≤ m − 1, of twostep factor groups γ j (G)/γ j+2 (G) of the lower central series [7, p.54, Lem.2.5], With an invariant s = s(G) we characterise the first two-step centraliser, which is strictly bigger than the commutator group [32] .
The group χ s (G) coincides either with one of the maximal subgroups M i or with G. In the first case, that is for s ≤ m − 2, we have
The smallest value s = 2 occurs, if and only if G is of coclass cc(G) = 1.
With a further invariant e = e(G) it will be expressed, which factor γ j (G)/γ j+1 (G) of the lower central series is cyclic for the first time [32] .
In this definition we exclude the factor γ 2 (G)/γ 3 (G), which is always cyclic. The value e = 2 is characteristic for a group G of coclass cc(G) = 1. For p = 3 we have e = n − m + 2 = cc(G) + 1 and e = s, except if e = m − 2 < s = m − 1 in the case of a cyclic center ζ 1 (G). For e ≥ 3, that is for G of coclass cc(G) ≥ 2, we can also define e = max{3
Then γ e (G)/γ e+1 (G) must be at least of p-rank two, by [7, p.49, Th.1.5] .
Finally, the invariant k = k(G) is a measure for the deviation from the greatest possible commutativity of the groups χ s (G) and γ e (G) [29] .
3. Class numbers of the unramified cyclic extensions of relative degree p 3.1. Metabelian p-groups G of coclass cc(G) = 1. We begin with a purely group theoretic statement concerning the order of the commutator factor groups M i /γ 2 (M i ) of the maximal normal subgroups M i of a metabelian p-group G of maximal class. As a special case, the abelian p-group G of type (p, p) is included.
Theorem 3.1. With a prime p ≥ 2, let G be a p-group of order |G| = p m and class cl(G) = m− 1, where m ≥ 2. Suppose that the commutator group γ 2 (G) is abelian and the commutator factor group G/γ 2 (G) is of type (p, p). Let generators of G = x, y be selected such that x ∈ G \ χ 2 (G), if m ≥ 4, and y ∈ χ 2 (G) \ γ 2 (G). Assume that the order of the maximal normal subgroups [29] .
Then the order of the commutator factor groups of M 1 , . . . , M p+1 is given by
Proof. We define the main commutator s 2 = [y, x] ∈ γ 2 (G) and the higher commutators
Then the nilpotence of G is expressed by the relation s m = 1. Generators and the order of the members of the lower central series are given by γ j (G) = s j , . . . , s m−1 [7, p.58 
(1) In the case m = 2, we have cl(G) = 1, whence G and all M i are abelian. Consequently
In the case m = 3, G is an extra special group with γ 2 (G) = Φ(G) = ζ 1 (G) cyclic of order p. Since s 2 = s m−1 ∈ ζ 1 (G), we obtain for 2 ≤ i ≤ p + 1, and also for i = 1, that
The elements g i = xy i−2 with 2 ≤ i ≤ p + 1 are contained in G \ χ 2 (G), whence
Since
The case m = 3 has been treated in the preceding paragraph. In the case m ≥ 4, we distinguish the values k = 0 and k ≥ 1.
For k = 0 we have s
Then the higher commutators with 3 ≤ j ≤ m − 2 are
Corollary 3.1.1. With the assumptions of theorem 3.1, the commutator groups of the maximal subgroups M 1 , . . . , M p+1 of a metabelian p-group G of coclass cc(G) = 1 with order
. . , M p+1 are abelian, if and only if m = 3. Now we reduce the desired determination of the p-class numbers h p (N i ) to the purely group theoretic preparations in theorem 3.1, using Artin's reciprocity law [1] . Under the assumptions of theorem 3.1 for the generators of G, the p-class numbers of the p + 1 unramified cyclic extension fields N 1 , . . . , N p+1 of K of relative prime degree p ≥ 2 are given by
Proof. Due to the Artin isomorphism [1, p.361, Allgemeines Reziprozitätsgesetz]
, the p-class group of the extension field N i is isomorphic to the relative Galois group of the Hilbert p-class field of N i over N i for 1 ≤ i ≤ p + 1 (see also Miyake [30, p.297, Cor.] ). Galois theory yields a further isomorphism
to the commutator factor group of that maximal normal subgroup M i of the second p-class group G of K, which is associated with the extension N i by the relation
, is equal to the order of the commutator factor group of the corresponding maximal normal subgroup M i , which has been determined in theorem 3.1. According to [7, p.82] , the possible maximum of the invariant k is dependent on m and p.
3.2.
Metabelian 3-groups G of coclass cc(G) ≥ 2. As in the preceding section, we begin with a purely group theoretic statement concerning the order of the commutator factor groups M i /γ 2 (M i ) of the maximal normal subgroups M i of a metabelian 3-group G of non-maximal class. Theorem 3.3. Let G be a metabelian 3-group of coclass cc(G) ≥ 2 with order |G| = 3 n , class cl(G) = m − 1, and invariant e = n − m + 2 ≥ 3, where 4 ≤ m < n ≤ 2m − 3. Suppose that the commutator factor group G/γ 2 (G) is of type (3, 3) . Let generators of G = x, y be selected such that
Assume that the order of the maximal normal subgroups M i = g i , γ 2 (G) is defined by g 1 = y, g 2 = x, g 3 = xy, and g 4 = xy −1 . Finally, let the invariant k of G be declared by [χ s (G), γ e (G)] = γ m−k (G), where k = 0 for m = 4 and 0 ≤ k ≤ 1 for m ≥ 5 [32] .
Then the order of the commutator factor groups of M 1 , . . . , M 4 is given by
Proof. For a 3-group G of coclass cc(G) ≥ 2 we also define the main commutator s 2 = t 2 = [y, x] ∈ γ 2 (G) as the generator of the cyclic factor γ 2 (G)/γ 3 (G). But since the factors γ j (G)/γ j+1 (G) are bicyclic for 3 ≤ j ≤ e, we need two sequences of higher commutators, which are defined recursively by
The structure of the lower central series appears more clearly, when we start with the third powers σ 3 = y 3 and τ 3 = x 3 , which generate the first bicyclic factor γ 3 (G)/γ 4 (G), whereas (xy) 3 and (xy . . , τ e , and in the range e + 1 ≤ j ≤ m − 1 of cyclic factors we have γ j (G) = σ j , . . . , σ m−1 [32] .
Since the commutator group γ 2 (G) is contained in each maximal subgroup M i = g i , γ 2 (G) as a normal subgroup of index 3, the commutator group of M i is given by 
. . , τ e xy−1 , we obtain, according to the right product rule for commutators, σ
. . , τ e xy −1 −1 , we use the right product rule and the rule for the inverse to obtain σ
, and s
. Now we have to investigate the commutators [τ ℓ , y
−1 ] with 3 ≤ ℓ ≤ e + 1. We start with [τ e+1 , y
, and show by descending induction for e ≥ ℓ ≥ 3 that [τ ℓ , y
To determine the order of the groups γ 2 (M i ), we first show generally that for a sequence of group elements (υ ℓ ) ℓ≥a , satisfying the relations υ 
0 and obtain by descending induction for
j+1 ∈ Y j+1 . Thus we get three sequences of estimates, where always a = 3:
In the case k = 1, the single relation between the sequences (σ ℓ ) ℓ≥3 and (τ ℓ ) ℓ≥3 is τ e+1 = σ
in the cyclic center ζ 1 (G) = γ m−1 (G). However, in the case k = 0 with bicyclic center
Calculating the order of the members γ i (G) with 3 ≤ i ≤ m of the lower central series, we can prove now that the estimates above are actually sharp.
In the case k = 0, we have Σ j ∩ T j = 1 for all 3 ≤ j ≤ m − 1. In the range e + 1 ≤ j ≤ m of cyclic factors, we have γ j (G) = σ j , . . . , σ m−1 = Σ j , thus on the one hand
(m−1)−(j−1) = 3 m−j , and consequently |Σ j | = 3 m−j . In the range 3 ≤ j ≤ e of bicyclic factors, we have
and together |Σ j | = 3 m−j and |T j | = 3 e+1−j . In the case k = 1, we have e ≤ m − 2 and
In the range e + 2 ≤ j ≤ m of cyclic factors, we obtain, similarly as for
m−j and thus |Σ j | = 3 m−j . However, in the range 3 ≤ j ≤ e of bicyclic factors and for j = e + 1, the product γ j (G) = Σ j T j is not direct and we have 3
and thus |Σ j | = 3 m−j and |T j | = 3 e+2−j . Finally we obtain the order of the commutator factor groups M i /γ 2 (M i ) by means of the following consideration. For an arbitrary element z ∈ G \ γ 2 (G), the commutator [s 2 , z] cannot lie in γ 4 (G), since otherwise z ∈ χ 2 (G) \ γ 2 (G) and thus s = 2, which is only possible for a group G of maximal class. (mod γ 4 (G)). On the other hand, the third powers of these elements satisfy s ∈ T 4 , due to the connecting relations s 3 j = σ j+2 and t
Finally, using n − e + 2 = m and n − m + 2 = e, we obtain
Corollary 3.3.1. Under the assumptions of theorem 3.3, the commutator groups of the maximal normal subgroups
with
where
, y], s 3 t 3 , and Now we come to the number theoretic application of theorem 3.3, reducing the determination of the 3-class numbers h 3 (N i ) to the purely group theoretic preliminaries in this section, with the aid of Artin's reciprocity law [1] .
Theorem 3.4. Let K be an arbitrary base field with 3-class group Cl 3 (K) of type (3, 3) . Suppose that the second 3-class group G = Gal(F 2 3 (K)|K) is of coclass cc(G) ≥ 2 with order |G| = 3 n , class cl(G) = m − 1, and invariant e = n − m + 2 ≥ 3, where 4 ≤ m < n ≤ 2m − 3. Under the assumptions of theorem 3.3 for the generators of G, the 3-class numbers of the four unramified cyclic cubic extension fields N 1 , . . . , N 4 of K are given by
Proof. According to the Artin isomorphism [1, p.361]
, the 3-class group of the extension field N i is isomorphic to the relative Galois group of the Hilbert 3-class field of N i over N i for 1 ≤ i ≤ 4 (see also Miyake [30, p.297] ). By Galois theory, we have a further isomorphism
to the commutator factor group of the uniquely determined maximal normal subgroup M i of the second 3-class group G of K, which is associated with the extension N i by the relation
coincides with the order of the commutator factor group of the corresponding maximal normal subgroup M i , which has been determined in theorem 3.3. By [32] , the possible maximum of the invariant k is dependent on m.
Restrictions for class and coclass, enforced by quadratic base fields
All of our previous results generally concern an arbitrary base field K. In this section let K = Q( √ D) be a quadratic number field, p ≥ 3 an odd prime, and N |K an unramified cyclic extension of relative degree p.
Remark 4.1. According to Hilbert's theorem 94 [20, p.279] , the existence of an unramified cyclic extension field N |K of prime degree p implies the divisibility of the class number h(K) of the base field K by p.
Dihedral extensions.
In the present situation, we apply the theory of the absolute extension N |Q to obtain more sophisticated statements about p-class numbers.
Proposition 4.1. Let K be a quadratic number field and p an odd prime. For an unramified cyclic extension N |K of relative degree p, N |Q is a non-abelian absolute Galois extension with automorphism group Gal(N |Q) isomorphic to the dihedral group D(2p) of order 2p.
Proof. The conductor of the unramified cyclic extension N |K is f = 1. Therefore the p-ray class group modulo f of K, whose subgroups of index p are in one to one correspondence with the cyclic extensions N |K of relative degree p with conductor dividing f by [1, p.361, Allgemeines Reziprozitätsgesetz] and [25, p.836] , coincides with the ordinary p-class group Cl p (K) of K.
We denote by τ the generating automorphism of Gal(K|Q). Since K is quadratic, τ is of order 2, and since the norm map Norm K|Q of Cl p (K) has the trivial group Cl(Q) = 1 as its image, every class c ∈ Cl p (K) satisfies the relation c · c τ = c 1+τ= Norm K|Q (c) = 1 and thus c τ = c −1 . The norm class group H = Norm N |K (Cl p (N )) of index p in Cl p (K), associated with N by the Artin-Galois correspondence, is invariant under τ , since c ∈ H implies c τ = c −1 ∈ H. However, the cosets of H cannot remain invariant under τ . Otherwise, for a coset representative c with 
Now we assume that Gal(N |Q) is generated by automorphisms σ, τ with the relations σ p = 1, τ 2 = 1, στ = τ σ −1 , and we denote by L the non-Galois subfield of N , which is fixed by the subgroup τ . L is of absolute degree p over Q.
Galois cohomology of unit groups.
For an algebraic number field F let I(F ) denote the group of fractional ideals, P(F ) the subgroup of principal ideals, and U (F ) the group of units of the maximal order O(F ).
For an extension field X|F let Norm X|F denote the relative norm map and E(X|F ) = U (X) ∩ Ker(Norm X|F ) the group of relative units of X|F , that is, the units E ∈ U (X) with relative norm Norm X|F (E) = 1. Proposition 4.2. Let N be an unramified cyclic extension of odd prime degree p ≥ 3 of a quadratic base field K and denote by U (N ) the unit group of N .
(1) For a complex quadratic field K the structure of U (N ) as a Galois module over Gal(N |Q) in the sense of Moser [31] is of type α. (2) For a real quadratic field K the structure of U (N ) as a Galois module over Gal(N |Q) in the sense of Moser is of type δ, if the cohomology
Definition 4.1. We shortly say that L or N is of type α respectively δ, if the structure of U (N ) as a Galois module over Gal(N |Q) is of that type.
Remark 4.2. Since the 0th cohomology group H 0 (Gal(N |K), U (N )) coincides with the factor group U (K)/Norm N |K U (N ), the quadratic fundamental unit η ∈ U (K) is the norm η = Norm N |K (H) of a unit H ∈ U (N ), if N is of type δ. There is, however, only the trivial norm relation η p = Norm N |K (η), if N is of type α.
Proof. We denote by G the relative Galois group Gal(N |K) = σ and by t the number of prime ideals of K which ramify in N . According to Hilbert's theorem 93 [20, p.277] , the group However, for an unramified extension N |K we have I(N ) G = I(K), and thus P(N )
(1) For a complex quadratic base field K, the structure of U (N ) as a Galois module over Gal(N |Q) is determined uniquely by the index (E(N |K) : E 0 ), according to [31, If there exists an ideal a ∈ I(K) in a base field K, whose ideal class aP(K) is different from the principal class P(K), but whose extension ideal in an extension field N of K is a principal ideal, aO(N ) = AO(N ) with a number A ∈ N , and thus belongs to the principal class P(N ), then we speak about principalisation in the field extension N |K. This phenomenon is described most adequately by the kernel of the class extension homomorphism
which is induced by the natural extension monomorphism I(K) −→ I(N ), a → aO(N ) of ideals.
In the present situation of an unramified cyclic extension N of odd prime degree p ≥ 3 of a quadratic base field K with arbitrary positive p-class rank we can specify the structure of the principalisation kernel Ker(j N |K ) exactly. 
(1) For a class c ∈ Cl(K), the extension class j N |K (c) ∈ Cl(N ) is invariant under G, whence
In particular, we have c p = Norm N |K (j N |K (c)) = Norm N |K (1) = 1 for c ∈ Ker(j N |K ). Independently from the ramification, the principalisation kernel Ker(j N |K ) is therefore always contained in the p-elementary class group of K. 
where the endomorphisms ∆ : E → E 1−σ and N : E → E 
Hence, let N be one of the unramified cyclic extensions of relative degree p of K. By L we denote the non-Galois subfield of N of absolute degree p over Q, which is fixed by the selected generating automorphism τ of order 2 of the dihedral group Gal(N |Q). L is one of p conjugate and thus isomorphic subfields of N .
Proposition 4.4. Let p ≥ 3 be an odd prime, K a quadratic base field with p-class group of type (p, p), and N an absolutely dihedral unramified extension field of K of relative degree p with non-Galois subfield L of absolute degree p.
(1) If K is a complex quadratic field, then the p-class numbers of N and L satisfy the relation
2 with odd p-exponent, if N is of type δ, and
2 with even p-exponent, if N is of type α.
Proof. Provided, that the discriminant d(K) is different from −3 in the case p = 3, we have the index formula
, according to Schmithals [35, p.53 , eq. (6)], where r = 1 for a complex and r = 2 for a real quadratic field K. The relation between the class numbers of the dihedral field N , its non-Galois subfield L, and the quadratic base field K, 
where (E(N |K) : E 0 ) = 1. With h p (K) = p 2 , the p-contribution of the class numbers is therefore given by
or real with N of type δ, and
Remark 4.5. The case of the quadratic discriminant d(K) = −3, which had to be excluded repeatedly for p = 3, concerns the cyclotomic quadratic field K = Q( √ −3) of the third roots of unity. But since this field has the class number h(K) = 1 and therefore does not possess unramified cyclic extensions N |K of prime degree, it is inessential for the present investigations.
Class numbers of the non-Galois subfields.
Based on the preceding discussion of the Galois cohomology of the unit group U (N ), the principalisation of p-classes of K in N , and the parity of the p-exponent of the p-class number h p (N ) of a dihedral field N of degree 2p with an odd prime p ≥ 3, we are now in the position to determine the p-class numbers of the non-Galois subfields L 1 , . . . , L p+1 of the unramified cyclic extensions N 1 , . . . , N p+1 of K from a given structure of the second p-class group G = Gal(F 2 p (K)|K) of a quadratic base field K with p-class group of type (p, p). We begin by considering a group G of maximal class.
Theorem 4.1. Let p ≥ 3 be an odd prime and K a quadratic base field with p-class group Cl p (K) of type (p, p). Suppose that the second p-class group G = Gal(F (1) The case of an abelian second p-class group G, that is m = 2, is impossible for a quadratic base field K. (2) In the case of a metabelian second p-class group G of maximal class, that is m ≥ 3, K must be a real quadratic field.
(4) The orders of the p-class groups Cl p (L i ) of the p + 1 totally real non-Galois subfields L 1 , . . . , L p+1 of absolute degree p of the absolutely dihedral unramified extension fields N 1 , . . . , N p+1 of relative degree p of K are given by
Proof. We specialise the statements of theorem 3.2 for a quadratic base field K = Q( √ D), using the propositions 4.3 and 4.4
(1) In our paper [27, Th.2.4] we show that in the case of an abelian second p-class group G, the entire p-class group Cl p (K) of an arbitrary base field K becomes principal in all p + 1 extension fields N 1 , . . . , N p+1 . Consequently, the dihedral fields N 1 , . . . , N p+1 are all of type α, by proposition 4.3, if K is a quadratic base field. But, in view of proposition 4.4, this is a contradiction to the fact that the p-exponent 1 of the p-class numbers h p (N i ) = p is odd for 1 ≤ i ≤ p + 1, by theorem 3.2. (2) Since the p-exponent 2 of the p-class numbers h p (N i ) = p 2 is even for 2 ≤ i ≤ p + 1, by theorem 3.2, the base field K must be real quadratic, by proposition 4.4, and the dihedral fields N 2 , . . . , N p+1 are necessarily of type α. 
We should point out that, due to the arithmetical properties of dihedral fields, the assumption of a quadratic base field K = Q( √ D) has strong consequences for the principalisation over K, which can be derived for an arbitrary base field K only by the computation of the kernels of the transfers from the second p-class group G = Gal(F 2 p (K)|K) to its maximal normal subgroups M i [27] . For this purpose we introduce an isomorphism invariant ν = ν(K) of an arbitrary base field K with elementary abelian bicyclic p-class group, which measures the extent of total principalisation. Proof. This statement is an immediate consequence of those parts of theorem 4.1, which are independent from [27] , together with proposition 4.3. It does not depend on the values of the invariants m and k of the group G.
However, to prove the stronger result that ν = p + 1 for m ≥ 5 and [χ 2 (G), γ 2 (G)] = γ m−k (G) with k ≥ 1, the theory of the transfers of the group G must be taken into consideration, according to our paper [27] . A further corollary generalises a result of [39, p.34 , A] for p = 3. Proof. According to [27, Th.2.5] , the extra special p-group G = G (3) 0 (0, 1) is a metabelian p-group of coclass cc(G) = 1 with invariant ν = 0, since it is the unique group with principalisation type A.1, for which all transfer kernels coincide and are cyclic of order p. However, if a quadratic base field K has a second p-class group G of coclass cc(G) = 1, then its invariant is restricted to p ≤ ν ≤ p + 1, by corollary 4.1.1. Now we turn to the metabelian 3-groups G = Gal(F 2 3 (K)|K) of coclass cc(G) ≥ 2. It is adequate to treat complex and real quadratic base fields separately, since only for the latter we have to consider the Galois cohomology.
Theorem 4.2. Let K be a complex quadratic base field with 3-class group Cl 3 (K) of type (3, 3) . Assume that the second 3-class group G = Gal(F (1) The invariants e and m of the group G satisfy the conditions e ≡ 1 (mod 2),
(2) The 3-class groups of the four non-Galois complex cubic subfields L 1 , . . . , L 4 of the unramified cyclic cubic extension fields N 1 , . . . , N 4 of K are cyclic and their order is given by
Proof. In the case of a complex quadratic base field K, proposition 4.4 states that the 3-exponent of each of the 3-class numbers h 3 (N i ) with 1 ≤ i ≤ 4 in theorem 3.4 must be odd. . With the aid of theorem 3.4, it follows that h 3 (L 1 ) = 3 
Theorem 4.3. Let K be a real quadratic base field with 3-class group Cl 3 (K) of type (3, 3) . Assume that the second 3-class group G = Gal(F (1)
(2) The 3-class groups of the four non-Galois totally real cubic subfields L 1 , . . . , L 4 of the unramified cyclic cubic field extensions N 1 , . . . , N 4 of K are cyclic and their order is given by
Proof. In the case of a real quadratic base field K, proposition 4.4 states that the 3-exponent of a 3-class number h 3 (N i ) with 1 ≤ i ≤ 4 in theorem 3.4 must be odd, if N i is of type δ, and even, if N i is of type α.
(1) This yields four possibilities for the first extension N 1 , m − 1 ≡ 1(2) for k = 0, and m − 2 ≡ 1(2) for k = 1, if N 1 is of type δ, and m − 1 ≡ 0(2) for k = 0, and m − 2 ≡ 0(2) for k = 1, if N 1 is of type α. For the second extension N 2 , it follows that e ≡ 1 (mod 2), if N 2 is of type δ, and e ≡ 0 (mod 2), if N 2 is of type α.
For the third and fourth extension N 3 , N 4 , the 3-exponent 3 of h 3 (N i ) = 3 3 is odd, a priori. Therefore N 3 and N 4 must be of type δ. (2) By proposition 4.4, the relation between the 3-class numbers of L i and N i is given by Proof. These statements are immediate consequences of theorem 4.3 together with proposition 4.3, independently from the values of the invariants m, n, e, and k of the group G.
Second 3-class groups of quadratic fields of type (3, 3)
In this section we develop the methods for the computation of the structure of the second 3-class group G = Gal(F Theorem 5.1. Let K be a real quadratic field with elementary abelian bicyclic 3-class group. Suppose that at least three of the four non-Galois totally real absolutely cubic subfields L 1 , . . . , L 4 of the absolutely dihedral unramified cyclic cubic extension fields
Assume that the remaining absolutely cubic field L 1 has the 3-class number h 3 (L 1 ) = 3 u with exponent u ≥ 1. Then the second 3-class group G = Gal(F 2 3 (K)|K) of K is of coclass cc(G) = 1 with n = m, e = 2 and the invariants m and k are given by
In the first case, the invariant k = w − 2u + 1 is determined by the 3-class number h 3 (F By theorem 4.1, we have
For the group G, we therefore obtain an odd index of nilpotence m = 2u + 1 ≥ 3, if L 1 is of type α and k = 0, and an even index of nilpotence m = 2u + 2 ≥ 4, if L 1 is of type δ and k = 0, or m = 2u + 2 ≥ 6 with u ≥ 2, if L 1 is of type α and k = 1.
Finally, if L 1 is of type α, the invariant k is determined by 3
Partial principalisation.
By the second inverse theorem we cover all the complex quadratic base fields and the real quadratic base fields having the invariant ν = 0, which show a very similar behavior. Here, the second 3-class group G = Gal(F 2 3 (K)|K) is of coclass cc(G) ≥ 2. Theorem 5.2. Let K be a quadratic field with elementary abelian bicyclic 3-class group. In the case of a real quadratic field K, let all four absolutely dihedral unramified cyclic cubic extension fields N 1 , . . . , N 4 of K be of type δ. Suppose that at least two of the four non-Galois absolutely cubic subfields
v with exponents u ≥ v ≥ 1. Then the second 3-class group G = Gal(F 2 3 (K)|K) of K is of coclass cc(G) ≥ 2 with 4 ≤ m < n ≤ 2m − 3, e = n − m + 2 ≥ 3, the invariants m and n are given by
the invariant e has the odd value 2v + 1 ≥ 3, and the invariant k = w − 2u − 2v + 1 is determined by the 3-class number h 3 (F If, however, the second 3-class group G = Gal(F had a total principalisation in at least three of the four unramified cyclic cubic extensions N i by corollary 4.1.1. Consequently, G must be of coclass cc(G) ≥ 2, in the present situation. According to theorem 4.2 for complex quadratic fields and to theorem 4.3 for real quadratic fields with ν = 0, that is L 1 , L 2 of type δ, we have on the one hand
with 0 ≤ k ≤ 1 and on the other hand
2 . For the group G, we therefore obtain an even index of nilpotence m = 2u + 2 ≥ 4, if k = 0, and an odd index of nilpotence m = 2u + 3 ≥ 5, if k = 1.
The invariant e = 2v + 1 is always odd. Consequently, the 3-exponent n = e + m − 2 of the group order is given by n = 2v + 1 + 2u for k = 0 and n = 2v + 1 + 2u + 1 for k = 1.
Finally, the invariant k is determined by 3 
and the invariants m, n, and k are given by
In the first case, the invariant k = w−2u−2v +3 is determined by 3-class number h 3 (F 1 3 (K)) = 3 w of the first Hilbert 3-class field of K.
The invariant e is given by e = 2v ≥ 4, if L 2 is of type α, and 2v + 1 ≥ 3, if L 2 is of type δ.
In particular, u ≥ 2 generally, and v ≥ 2 for L 2 of type α.
Proof. If K is a real quadratic base field and at least two of the totally real cubic fields L 1 , . . . , L 4 are of type δ, then the number of dihedral fields N i |K with total principalisation is given by the invariant ν ≤ 2, by proposition 4.3. If the second 3-class group of K G = Gal(F 2 3 (K)|K) were of coclass cc(G) = 1, then K had an invariant ν ≥ 3, by corollary 4.1.1. Hence, G must be of coclass cc(G) ≥ 2, in the present situation.
By theorem 4.3 for real quadratic fields with 1 ≤ ν ≤ 2, we have on the one hand
for L 1 of type δ, k = 1, and on the other hand
for L 2 of type δ.
Since the pair T = (δ, δ) has been treated in theorem 5.2 already, we must have T = (δ, α), if L 1 is of type δ. Then the last case, k = 1, is impossible for the following reason. According to [32, p.208 , Satz 6.14, p.189 ff], the principalisation types of the sections c,d, which correspond to the pairs T = (δ, α) and T = (α, δ), can only occur with the value k = 0. For the group G, we therefore obtain an even index of nilpotence m = 2u + 2 ≥ 4 for L 1 of type δ, k = 0 or L 1 of type α, k = 1 and an odd index of nilpotence m = 2u + 1 ≥ 5 with u ≥ 2, for L 1 of type α, k = 0.
The invariant e is even e = 2v ≥ 4 with v ≥ 2 for L 2 of type α and odd e = 2v + 1 ≥ 3 for L 2 of type δ.
Further, for a group G of coclass cc(G) ≥ 3 with e ≥ 4, we must have an index of nilpotence m ≥ 5, since e ≤ m − 1. Therefore, the 3-exponent n = e + m − 2 of the group order is given by
Finally, in the case T = (α, α), the invariant k is determined by 3
2u+2v+k−3 , and thus k = w − 2u − 2v + 3.
6.
Computational results for quadratic fields of type (3, 3) In this section we apply the methods of section 5 for the computation of the structure of the second 3-class group G = Gal(F Among the 2 576 real quadratic number fields K = Q( √ D) with discriminant D < 10 7 and 3-class group Cl 3 (K) of type (3, 3) , the dominating part of 2 303 fields, that is 89.4%, has at least a threefold total principalisation in the dihedral fields N 1 , . . . , N 4 . Consequently, the second 3-class group G = Gal(F 2 3 (K)|K) is a vertex on the coclass graph G(3, 1) of all 3-groups of coclass cc(G) = 1 [12] .
Example 6.1. For each principalisation type κ with invariant 3 ≤ ν ≤ 4, table 2 shows the minimal discriminant D and the absolute frequency of real quadratic number fields K = Q( √ D) with 3-class group of type (3, 3) in the range 0 < D < 10 7 of discriminants, whose second 3-class group G = Gal(F Every principalisation type κ is characterised by a lower case section letter [32] and by an additional digit [27] . The principalisation types a.3 and a.3 * differ by the structure of the 3-class group Cl 3 (N 1 ) of the first dihedral field N 1 , which is nearly homocyclic of type (9, 3) in the first case and elementary abelian of type (3, 3, 3) in the last case.
We start with the principalisation type κ, the corresponding quadruplet of types of the totally real cubic fields L 1 , . . . , L 4 , according to proposition 4.3, and the 3-exponents u, w of the 3-class numbers h 3 (L 1 ) = 3 u and h 3 (F 1 3 (K)) = 3 w , which have been computed together with the class group structures as experimental data by means of PARI/GP [34] , and calculate the index of nilpotence m and the invariant k of the second 3-class group G of K by the formulas of theorem 5.1: m = 2u + 2 ≥ 6, k = w − 2u + 1 = 1, if L 1 is of type α, and m = 2u + 2 ≥ 4, k = w − 2u = 0, if L 1 is of type δ. The case of odd m = 2u + 1 ≥ 3 and k = w − 2u + 1 = 0 for the principalisation type a.1 does not occur and is probably impossible for quadratic base fields.
Each of these principalisation types, with the only exception of a.3 * , can occur with different indices of nilpotence m, which gives rise to excited states indicated by arrows ↑, ↑ 2 , . . .. Types without references have been unknown, up to now. Among the 2 576 real quadratic number fields K = Q( √ D) with discriminant 0 < D < 10 7 and 3-class group Cl 3 (K) of type (3, 3) , there is a modest part of 206 fields, that is 8.0%, which do not have a total principalisation in the dihedral fields N 1 , . . . , N 4 . Therefore the second 3-class group G = Gal(F 2 3 (K)|K) is a vertex on one of the coclass graphs G(3, r) with r ∈ {2, 4, 6} [11, 10] . The same is true for the entire set of all 2 020 complex quadratic number fields K = Q( √ D) with discriminant −10 6 < D < 0 and 3-class group Cl 3 (K) of type (3, 3).
Example 6.2. For each principalisation type κ with invariant ν = 0, table 3 shows the minimal value of the discriminant |D| and the absolute frequency of complex quadratic number fields K = Q( √ D) with 3-class group of type (3, 3) in the range −10 6 < D < 0 of discriminants, whose second 3-class group G = Gal(F 2 3 (K)|K) is of coclass cc(G) ≥ 2 with index of nilpotence m and invariants e and k and realises the given type κ. Every principalisation type κ is characterised by an upper case section letter [39] and an additional numerical identifier [24, 27] .
Starting with the 3-exponents u, v, w of the 3-class numbers h 3 (
w , which have been computed together with the class group structures as experimental data with the aid of PARI/GP [34] , we calculate the index of nilpotence m, the 3-exponent n of the group order |G| = 3 n , and the invariants e and k of the second 3-class group G of K by means of the formulas m = 2u + k + 2, n = 2u + 2v + k + 1, e = 2v + 1, k = w − 2u − 2v + 1, according to theorem 5. The increasing number of possible values of the invariant k of metabelian p-groups G which are vertices on the coclass 1 graphs G(p, 1) for primes p ≥ 5 [11, 10] makes it difficult to formulate useful inverse theorems.
For p = 3 with only two possibilities k ∈ {0, 1}, we had to compute the not quite easy 3-class number of the first Hilbert 3-class field F 1 3 (K) of a quadratic base field K = Q( √ D) with 3-class group of type (3, 3) , that is a number field of absolute degree 18, to determine the structure of the second 3-class group G = Gal(F 2 3 (K)|K) in section 5. On principle, the same method can also be applied to p ≥ 5. However, the first Hilbert p-class field F 1 p (K) of a quadratic field K with p-class group of type (p, p) is a number field of absolute degree 2p
2 ≥ 50 in this case.
Theorem 7.1. Let p ≥ 5 be an odd prime and K a real quadratic field with p-class group of type (p, p). Suppose that at least p of the p + 1 totally real non-Galois subfields L 1 , . . . , L p+1 of absolute degree p of the absolutely dihedral unramified field extensions N 1 , . . . , N p+1 of relative degree p of
of K is of coclass cc(G) = 1 with n = m and e = 2, then the invariants m and k are given by
In the first case, the invariant k = w − 2u + 1 is determined by the p-class number h p (F Proof. Since it is unknown, which values the invariant ν can take for a second p-class group G of coclass cc(G) ≥ 2 in the case p ≥ 5, the assumption p ≤ ν ≤ p + 1 does not imply that G is of coclass cc(G) = 1. Thus we have to assume explicitly that G is of coclass cc(G) = 1 in the present proof. By theorem 4.1, we have
with m ≡ 0(2), for L 1 of type δ, k = 0. For the group G, we therefore obtain an index of nilpotence m = 2u + k + 1 ≥ k + 3 with parity depending on k, if L 1 is of type α and k ≥ 0, and an even index of nilpotence m = 2u + 2 ≥ 4, if L 1 is of type δ and k = 0.
For L 1 of type α, the invariant k is finally determined by
, and thus k = w − 2u + 1.
8. Second 2-class groups of arbitrary fields of type (2, 2)
Different from p ≥ 3, the value k = 0 is uniquely determined for p = 2. Although the theory of dihedral fields cannot be applied to p = 2, we get a useful criterion by inversion of the initial theorem 3.2, since the 2-class numbers h 2 (N i ) of the three unramified relatively quadratic extension fields N 1 , . . . , N 3 of an arbitrary base field K with 2-class group of type (2, 2) determine the order |G| = 2 m and class cl(G) = m − 1 of the second 2-class group G = Gal(F Table 6 shows the begin of the series with p = 3 and q = 7. The principalisation type was introduced in [27, 2.5]. Table 7 shows the begin of the series with p = 3 and increasing values of the parameter q, using the notation of [27, Th.2.6]. Table 8 shows the begin of the series with p = 5 and increasing values of the parameter q, using the notation of [27, Th.2.6]. Table 9 shows the begin of the series with p = 3 and increasing values of the parameter q, using the notation of [27, Th.2.6]. 
Final remarks
All numerical results of the sections 6 and 9 have been calculated with the aid of programs which we have developed for the number theoretic computer algebra system PARI/GP, version 2.3.4 (2008) [5, 34] . Details of our algorithms are presented in the related paper [28] .
The examples 9.2, 9.3, and 9.4 suggest the conjecture that dihedral, semidihedral, and quaternion groups of arbitrarily high order are to be expected as second 2-class groups G = Gal(F 2 2 (K)|K) in the further continuation of the investigated series of complex quadratic base fields K.
